The main objective of this paper is nding new types of discrete transforms with tuning factor t. This is not only analogy to the continuous Laplace transform but gives discrete Laplace-Fibonacci transform (LF t ). This type of Laplace-Fibonacci transform is not available in the continuous case. The LF t generates uncountably many outcomes when the parameter t varies on ( , ∞). This possibility is not available in the existing Laplace transform. All the formulae and results derived are veri ed by MATLAB.
Introduction
Fibonacci and Lucas numbers cover a wide range of interest in modern mathematics as they appear in the comprehensive works of Koshy [7] and Vajda [18] . The k−Fibonacci sequence introduced by Falcon and Plaza [3] depends only on one integer parameter k and is de ned as F k, = , F k, = and F k,n+ = kF k,n + F k,n− , where n ≥ , k ≥ . In particular, if k = , the Pell sequence is obtained as P = , P = and P n+ = Pn +P n− for n ≥ .
In 2015, M. Lawrence Glasser and Yajun Zhou [9] report on an Integral representation for the Fibonacci Numbers and their Generalization.
In 2015, Martin Gri ths and William Wynn-Thomas [11] construct, by way of the Fibonacci numbers, a geometrical object resembling an in nite staircase and demonstrate an interesting property of this Fibonacci staircase. Koshy [8] construct graph-theoretic models for an extended univariate Fibonacci family, which includes Fibonacci, Lucas, Pell, and Pell-Lucas polynomials.
In 2016, Jeremy F. Alm and Taylor Herald [5] de ne a variant of Fibonacci-like sequences(Prime Fibonacci sequences), where one takes the sum of the previous two terms and returns the smallest odd prime divisor of that sum as the next term and proved some results. Mahadi Ddamulira, Florian Luca and Mihaja Rakotomalala [10] nd all Fibonacci numbers which are products of two Pell numbers and all Pell numbers which are products of two Fibonacci numbers.
R.S.Melham (refer [14] , [15] ) nd closed forms, in terms of rational numbers, for certain nite sums. His most general results are for nite sums where the denominator of the summand is a product of terms from a se-quence that generalizes both the Fibonacci and Lucas numbers. Also he created a link to the Fibonacci/Lucas numbers then facilitates the derivation of closed forms for reciprocal series that involve the Fibonacci/Lucas numbers. The term that de nes the denominator of each summand contains squares of Fibonacci related numbers, with subscripts in arithmetic progression.
To develop Two Dimensional Fibonacci sequence and Laplace-Fibonacci transform, we need to reveal basic theory of generalized di erence operators ∆ and ∆ α( ) . In 1984, Jerzy Popenda [6] introduced a particular type of di erence operator on u(k) as ∆α u(k) = u(k + ) − αu(k), In 2011, M.Maria Susai Manuel, et.al, [13] extended the operator ∆α to generalized α−di erence operator as ∆
These operators induces to introduce the following second order generalized di erence operator. Here, for each pair (a , a ) ∈ R , where R is the set of all real numbers and > , second order generalized di erence operator on v(k) is de ned as
which generates two dimensional Fibonacci sequence and its sum. By taking a = α, a = in (1) we can get the above two operators. For (a , a ) ∈ R , a two dimensional Fibonacci sequence is de ned as
The sequence ( ) becomes the well known Fibonacci sequence when a = a = .
For example, the two dimensional Fibonacci sequences F ( , ) = { , , , , · · · } and F ( . , . ) = { , . , . , .
, . , · · · } are obtained from (2) by taking a = , a = and a = . , a = . respectively. The Pell sequence F ( , ) = { , , , , , , , . . .} is obtained by taking F = , F = and Fn = F n− + F n− for n ≥ . Similarly, one can obtain two dimensional Fibonacci sequence corresponding to each pair (a , a ) ∈ R .
Sum of Fibonacci Numbers With Function Values
The operator de ned in ( ) generates several formulae directly on Fibonacci numbers. The method to derive the above is simple. First we need to form a generalized di erence equation and then by equating the closed form and summation solutions, we get the desired formula.
Hence in this section, we derive some formulae on sum of Fibonacci sequence using inverse of second order di erence operator.
De nition 2.1. For each pair
Hereafter, we assume that Fn ∈ F (a ,a ) and − a a ≠ .
Theorem 2.3. (Fibonacci-Function value Summation Formula) Let Fn ∈ F (a ,a ) and v(k) be a solution to the second order generalized di erence equation ∆
Proof. From (1) and the given relation ∆ (a ,a )
Replacing k by k − in (6) and then substituting the value of v(k − ) in (6), we get
Using F , F and F given in (2), (7) can be expressed as
Replacing (8) and (2), we obtain (5) follows by repeating the above processes.
Taking u(k) = a sk in (5) we get the following Corollary.
In particular, we can replace a by e for exponential function.
The following example is an veri cation of (9).
Example 2.5. Taking k = , = , a = , a = , a = , n = , s = and Fn ∈ F ( , ) in ( ), we get
Proof. Taking v(k) = k in (1) and using (3), we get
By taking
and in general, we obtain
The proof of (10) 
Corollary 2.8.
Proof. The proof follows by taking u(k) = k m in Theorem 2.3.
The following example is a veri cation of (15). 
Proof. Taking on (16) and applying Theorem 2.6 to k r , we get (17).
Corollary 2.12. A closed form solution of the equation ∆
(a ,a )
Proof. Putting m = in (17) and since s = − , s = , we nd that
Corollary 2.13. If v(k)
Proof. The proof follows by taking
Example 2.14.
Following theorem gives the inverse of ∆ (a ,a ) on product of two functions.
Theorem 2.15. Let u(k) and v(k) be two real valued functions. Then
Proof. From the de nition of the di erence operator given in (1), we arrive ∆
Adding and subtracting a u(k)w(k − ), a u(k)w(k − ) on the right side, we obtain
on both sides, we get (20).
Corollary 2.16. A closed form solution of the second order generalized di erence equation v(k)
Proof. Taking u(k) = k and v(k) = a k in (20) and using (4), (11), we arrive
Again, taking u(k) = k and v(k) = a k in (20) and using (4), (12), we arrive
Substituting (22) in the above and using (4), we get the proof of (21).
Corollary 2.17. If v(k)
k a k is the solution given in ( ), then we have
Proof. The proof follows by taking u(k) = k a k in Theorem 2.3. 
and hence we arrive
Proof. Taking a = e − in (22), we get (24). Now (25) follows by Theorem 2.3.
Example 2.20. Take k = , = . , n = , a = and a = in ( ). Then
.
Laplace-Fibonacci Transforms and its Applications
The operators ∆ 
and
In the following example we discuss the outcomes of
on k a k .
Example 3.2. By taking
Taking a = , a = and a = in 28, we nd the following outcomes.
From the outcomes, we observed that there is a rapid change when > . . Fibonacci-Laplace transform with respect to t > . By tuning the value of 't' we can select optimal outcome based on our need.
Conclusion
In this paper, we have obtained several formulae on two dimensional Fibonacci series by equating closed form and summation form solutions of the generalized di erence equation using ∆ We have also discussed discrete Laplace-Fibonacci transform for the functions (signals) of arithmetic form and exponential form. In the example ( . ), discrete Fibonacci transform makes a rapid changes for arithmetic-geometric function.
Finally, discrete Laplace transform gives uncountably many outcomes as t varies on ( , ∞). From our ndings we suggest that by interchanging integral by ∆ − t , the readers (researchers) can obtain innumerable applications in Digital Signal processing and Image Processing. Our future research will progress in this direction.
